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Abstract: The restarted GMRES method augmented with eigenvectors is a useful method for solving
nonsymmetric linear systems, especially the systems with a few of the smallest eigenvalues. But it is
difficult to choose the appropriate number of eigenvectors that should be used, so the convergence may
be slowed down and the precision could be reduced. This paper presents an improved method which
adds the eigenvectors orderly and can be combined with some criterions to decide the proper number of
eigenvectors adaptively. The numerical experiments show that this method can give higher precision,
less iterates and CPU time.
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For solving the large nonsymmetric linear equation
AX =0b 1)
GMRES algorithm!! is commonly used. It uses the Amoldi algorithm!?**! to build an orthogo-
nal basis{ vy,**, v} for the Krylov subspace {vy,Avq,**, A* 1v}, with a full orthogonal-
ization process. The best approximate solution is extracted from the subspace in that the norm
of the residual vector is minimized.

However, the method becomes much expensive and the storage requirements increase
when full orthogolization is used. So we usually use the restarted GMRES method, but during
the restarting, some information is lost, the subspace is discarded, and this slows down the
convergence, especially when there are a few small eigenvalues.

To remedy this disadvantage, some important information should be retained at the
restart™*) . Give an algorithm named ‘A Restarted GMRES Method Augmented with Eigenvec-
tors’. It adds to the Krylov subspace some approximation to an invariant subspace associated
with a few of the lowest eigenvalues, i.e. it saves approximate eigenvectors of a corresponding
to the smallest eigenvalues on magnitude, and adds them to the new subspace. So the conver-
gence could be accelerated, and the minimal property is retained.

But this algorithm also has some disadvantages. For example, the proper number of ap-
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proximate eigenvectors is hard to choose and more or fewer eigenvectors could have poor effects
on the convergence. Assume the number of approximate eigenvectors which will be added to
the new subspace is k£, and the number of the smallest eigenvalues is 5. First, if s<k% i.e. the
number of approximate eigenvectors is smaller than we need, the smallest eigenvalues could not
completely be deflated, and the expense could still be high. Second, if s>%, i.e. the number
of approximate eigenvectors is more than we need, the expense would be higher, and the preci-
sion would be reduced because of the round error. Third, we noted that it may be a while be-
fore the approximate eigenvectors become very accurate, and an approximate eigenvector can
have beneficial effects long before it has attained full accuracy'*!. So it just needs the eigenvec-
tors corresponding to a few number of the smallest eigenvalues that less than £ and the precision
of them need not to be more accurate. Fourth, in some cases, we maybe can not confirm the £
in advance or the eigenvectors are not really needed.

To remedy these poor effects, in this paper we present an improved restarted GMRES
method which adds the eigenvectors orderly, and could be combined with criterions to add the
approximate eigenvectors or back to standard restarted GMRES after discarding the approxi-

mate eigenvectors adaptively.

1 Adding approximate eigenvectors to the subspace orderly

The restarted GMRES algorithm augmented with eigenvectors'! is useful for some case of
system with a few of the smallest eigenvalues, because the convergence of GMRES is related to
the condition number and the eigenvalue distribution of A, i.e. the smallest eigenvalues will
slow down the convergence. Let P, be the space of all polynomials of degree<{m ,s represent
the spectrum of A. These proprieties could be shown by the following theorems:

Theorem 1" Suppose that A is diagonalizable so that A = XDX ~! and let

(m) = i A;
¢ eP B0 =1 Tg‘)f' p(A)| (2)

Then the residual norm provided at the m step of GMRES satisfies

I rmes | SK(X) e [l 7 | (3)
where K(X)= I X[l x"'].
Theorem 2!*) Suppose A has spectral decomposition A =2Z A Z~1, with all the eigenvalues
being real and positive. Assuming that the initial guess z is the zero vector, we have

Irll7loll <20zl 127 (1 -2/VK +1))™ (4)
where K=2A,73;.

So, if we save the approximate eigenvectors of A corresponding to the smallest eigenvalues
in magnitude, and add them to the new subspace. The convergence will be accelerated. This is
demonstrated in the following theorem:

Theorem 3!* Suppose A has spectral decomposition A= Z A Z~!, with all the eigenvalues

being real and positive. Assume that the minimum residual solution x is extracted from the
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subspace Span{b, Ab,**, A™ 1b,21,2;,*, 2} . where z; is column of Z. Then
lrii7lell <20zllzQ-24/K, +1))™ (5)
where r=b — A x is the residual vector, K,=A,/As+1.

To avoid the poor effects of the restarted GMRES augmented with eigenvectors listed for-
merly, we add the eigenvectors corresponding to the smallest eigenvalues orderly, i.e. we add
one eigenvector to the subspace at first run, then two in the second run, then three in the
third, etc. So, when s<% (s, %k as assumed in the beginning paragraph), the new method
will soon reach the most proper number of eigenvectors and convergence quickly. When s>k,
the new method could add up to the number of eigenvectors needed and avoid the possibility of
stagnation caused by the rest smallest eigenvalues. Then the convergence bound improves from

Irlzhal <20zihz?tl(1-2/4/K, +1)"
To

I-l7l6l <20ZI0z' QA -2/A/K, +1))™

Where K,=2,/A4+1, K, =2, A +1.

So we can roughly compare convergence by comparing v/ K,, to v/ K, , i.e. the rate of conver-
gence is roughly +/ A5 +1/A,, +1 times faster. If there are some negative eigenvalues in the spec-
trum of A, we could also add all the corresponding negative eigenvectors orderly to the sub-
space. Using Theorem 1, we have

Corollary 1 Suppose A has spectrum decomposition A= ZA Z~!, with 4,<0, i<k, 0<
A 41N +25""<XA,,, and the initial xp is the zero vector, the minimum residual solution is

extracted from the subspace span {6, Ab,**,A™ 1b,21,25,"*, 24}, where z; is column of
Z, then

-7l <20zl Iz H(Q-24/K, +1))"
where K,=A,/Az+1
Proof: (omitted)

So, by adding all the negative eigenvectors to the subspace, we can get the same conver-
gence as when A is positive definite.

According to the third problem with the early analysis, the approximate eigenvectors can
have beneficial -effects long before they have attained full accuracy. This is shown in the follow-
ing theorem for the case of m approximate eigenvectors.

Theorem 4 Suppose A has spectral decomposition A= Z A Z™!,with A diagonal. Suppose
the GMRES method added eigenvectors orderly used with £ approximate eigenvectors y1 , y2,
+,y- Let ¢;=/(y;,2;) and let 6; be the coefficient of z; in the expansion of &, then

&
Pl <WZU Nz max |q@d| Iall + 251 Alltang:| q(2:) 11 6:{a; (6)
R £

Where ¢ is a polynomial of degree m or less such that ¢(0) =1, m is the dimension of the o-
riginal Krylov subspace.
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Proof: Any vector from the span| b, Ab,**,A™ b,2,,22,"**, 2| can be written in the

form
7 = Dazi+ p(A) %
where p is a polynomial of degree m —1 l<;r1 less. Expand & in terms of the eigenvectors
b= 2502 (8)

and define the polynomial ¢ as g(x) =1— zp(x),so0 q is a polynomial of degree m or less,
such that ¢(0) =1. Then we can calculate that

k

= b-AZ=- Dladm + a(A)b (©)

i=1
Decompose  y; = cos; z; + singsu; , where y;, z;, and u; are all unit vectors and u; |_z;.
Then

k E
r = q(A)b — 2 ad;z;cosg; — Za,-singb,-Aui =
. i=1 i=1
n k
ZleiQ(/\i)Zi + Z((G,-q(/\,-) — ad;008¢;) z; — a;singiAu; (10)
ik i=1

Pick a;=8;q(A;)/A;cos¢; and use the minimum residual property. Then

n k
| | r | |< " 2 Hiq(/l,-)z,- + Z((@lq(,\l) - al-/l,-oos¢v,-)z,- - aisingb,-Au,- ” <
i=1

i=k+1

n k
I Z 0.g(A;) z; I+ Zeiq(/\i)tansbiAui//\i I <
i=1

i=k+l .
IzINz 0 _max [qQD] sl + 251 Alltang: | a3 1 6:] 7,

The inaccuracy of the approximate eigenvector causes the second term in the right-hand of
(6). Roughly, it appears that this term will not be significant as long as the accuracy of the ap-
proximate eigenvector is greater than the amount improvement brought by the polynomial ¢.

When the eigenvalues are all real by choosing the polynomial g to be a shifted and scaled
Chebyshev polynomial that is small over the interval[ Az+1,4, ], the (6)can be made more spe-
cific.

Corollary 2 Under the assumption in Theorem 5, assume that all the eigenvalues are real

and positive, then
k
Irl < Hzllztl@-24/K, +D)" 6l + 25 I All 6tangs/3;  (11)
i=1

k
el < lzllz 1 @-24/K + )™ N6l + 25 | Alltangs/a;  (12)
i=1

where K,=2A,/Ap+1-
Proof;: (omitted)
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2 Implementations

To remedy the disadvantage of the GMRES(m ) algorithm with eigenvectors, we use the
improved method by adding the eigenvectors orderly to the subspace. There are some variations
of this algorithm.

First, we could give a fix number %, if the number of eigenvectors added orderly reaches
k, then the number of vectors will never add, and behave like the restart GMRES( 7 ) aug-
mented with £ eigenvectors.

Second, we add one eigenvector to the subspace at first, then after one iteration, we use
criterions to judge if the eigenvector is still beneficial. If not, the next eigenvector will be
added, else, no other eigenvector will be added at the next restart. By this means, the eigen-
vectors will be added until tolerance be satisfied.

Third, because even beneficial eigenvectors may lose their effectiveness once components of
the residual vector in the directions of those eigenvectors have been purged. If so, the approxi-
mate eigenvectors will be released and the algorithm will go back to the standard restarted GM-
RES.

The last two varieties of algorithms could be seemed as adaptive procedures, and can be
used in the case in which the approximate number of eigenvectors could hardly to predict.

We now define some terminology. Let m be the dimension of the Krylov subspace, and #
be the number of eigenvectors used in this iteration step, and s =m + k. Let W be n by s ma-
trix whose first m columns are the orthonormalized Arnoldi vectors and whose last & vectors
are the approximate eigenvectors y;, for i =1:%, and let Q be n by s + 1 matrix whose first
m +1 columns are Arnoldi vectors and whose last columns are formed by orthogonalizing the
vectors Ayi, for i =1:%, against the previous columns of Q.

Then we get

AW=QH (13)
where H is an (s + 1)by s upper-Hessenberg matrix.

The next step is to solve the minimum residual equation'*’

min [| | 7o | e;- Hd || (14)
deR!
the new approximate solution is x = x¢+ Wd on the span{q1,q2,- -+ s@m>V1>V2s-+-» Y-

The last step is to find 2 + 1 new approximate eigenvectors. As the same as the restart
GMRES with eigenvalues®), we use a version of Rayleigh — Ritz algorithm for solving the re-
duced problem

WT xAxWg, = (1/6,)WT x A » AWg; (15)

Let F=WT * A* W, G=WT % AT * AW, then the reduced eigenvalue problem is the s
by s generalized eigenvalue problem

Fg; = (1/6;)Gg; (16)
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If we calculate ® + 1 generalized eigenvectors g;, i =1,...,% + 1, corresponding to 2 +1
smallest §;, then the approximate eigenvector of A is y; = Wg;, and Ay, = AWg;=Q Hg;. If
y; is complex, the real and imaginary parts are used seperately. From (12), G =HT * QT *
QH. Let PH=R, where P is orthogonal and R is upper triangular. Then G = RT * R.
For the generating process of F, G, see [4]. Based on the previous discussion, the implemen-
tation is a little difference for the first run, before any restart. Standard GMRES is used, ex-
cept eigenvectors added orderly at the end . For simplicity, we list the algorithm just for the

second and subsequent runs.

3 The Improved Restarted GMRES with Eigenvectors(I-IV)

Algorithm 1:

1. Initial definitions and caculations; The Krylov subspace generated by the Arnoldi pro-
cess using initial 79 =& — Axg. The dimension is 7 and % is the number of approximate eigen-
vectors. s =m + k, the approximate eigenvectors yi, i =1,*,k. F, has bee generated from
the last run. Let 8= || o || ,q1=7r¢/B, w1=qq, fori=1,,k, do W, 4,= y;; Forj=
m+1,,s,do f;,;j=g: % Faagi, i=m+1,,s

2. Amoldi process:

For;j=1,2,..., mdo

hij=(Agj, ¢i), i=1,2,...,]

i1 = Ag; — Shi.jqi
i=1

hj+1,j = I Ejﬂ | 2:Qj+1 = E,-H/hjﬂ,j
fii=hiji=12,...,5
fimei = (Agjoy)i = 1,2,...,k
If j<m then wj+1=gj+1and fj j+1=hj+1,;
3. Add approximate eigenvectors:
Forj=m+1,..., s do
hi i =(Aw;, ¢;),i=1,2,...,j

gj+1 = Awj — zhi.ﬂi
i=1
hjv1,; = I dj+1 | 2s Gj+1 = Qj+1/hj+1,_,'
f:i,i = hi,,j9 l = 1,2,..., m
4. Form the approximate solution:
Solve the minimum problem min || || ro Il e1— Hd || 5, then z=x0+ Wd
dER

5. Restart:
Compute =5 — A z if it satisfies with the residual norm requirement then stop, else let ,
ro=r,k=k+1 ,10=;
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6. Form the new k approximate eigenvectors: Calculate G = RT * R. Solve the general-
ized eigenvalue problem Fg; = (1/6;) Gg;. For g;, i =1,...,% which is the k Ritz vectors
corresponding to the smallest 8;, and separate g; into real and complex part(if it is complex and
treat as two distinct vectors). Then form y; = wg; and Ay;= QHg;, i=1,2,,k.

Let Fold=F. Go to 1.

To add the eigenvectors orderly with a maximum number K (the first variety of algo-
rithm) . We have little change in Step 5 of Algorithm 1:

Algorithm 2

Steps 1-4 are the same as Algorithm 1.

Step 5. Restart: Compute = b-A z if it satisfies with the residual norm requirement then
stop, else if k<K then k=% +1;else end. Let zg=x, ro=r.

Step 6 is the same as Algorithm 1.

To add the eigenvector orderly under the criterions (the second variety of the algorithm),
we have some change in Step 5 of Algorithm 1.

Algorithm 3

Steps 1-4 are the same as Algorithm 1.

Step 5. Restart:

Compute r = b-A z if it satisfies with the residual norm requirement then stop, else if cri-
terions are satisfied then k =k +1; else end . Let zg=z,79=r. Step 6 is the same as algo-
rithm 1.

To add the eigenvector orderly and discard all the eigenvectors adaptively with some crite-
rions. (the third variety of the algorithm ) we have more changes in Algorithm 1.

Algorithm 4

Steps 1-4 are the same as Algorithm 1.

Step 5. Restart :

Compute r =4 — A x if it satisfies with the residual norm requirement then stop, else , let
zo=x, ro=r. If criterions are satisfied then go to Step 7; else k=% +1, go to Step 6.

Step 6 is the same as Algorithm 1.

Steps 7-9 are the same as the standard restarted GMRES, for using the Krylov subspace of
(m + k) dimensions (the precise process is omitted).

Next, we will examine their expense and storage requirements as compared to the GMRES
method augmented with eigenvectors.

We consider only the matrix-vector multiplication(mvp) expense. Then, suppose the GM-
RES method with eigenvectors use %2 approximate eigvectors. So in each iteration , the algo-
rithm has (m +2k) mvp, m for Amoldi process, and 2% for generate yi, Ay;i=1,2,, k.
After n iterations the total expense is (m, +2k)n mvps and corresponding storage requirement
is (m +2k) vectors of length n.

On the other hand, the improved algorithms have different expense while the number of
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iteration increase. Suppose the iteration number is #, the number of Krylov vectors is m, and
the number of eigenvectors is s. Then the expense of this time of iteration process is {m +25s)
mvps. The corresponding storage requirement is (m +2s) vectors of length =.

For Algorithm 1, the expense after 7 iterations is 7n{(m + n + 1)mvps (in the situation s
=n).For Algorithm 2, suppose the maxim number of eigenvectors is s, then the expense is
(m+n+)nif n<s, (m+2s)n+(1-5s)s if n>s. For Algorithm 3, Suppose in each z;

(i=1,+,s) iterations, the corresponding number of approximate eigenvectors is ¢, where n

=é.‘{Z,-. The total expense is (mn + 2121 iZ;)mvps. For Algorithm 4, suppose in s + 1 steps,
the approximate eigenvectors will be discarded, and the algorithm back to standard restarted
GMRES with (m + 5) Krylov vectors. Then the total expense is [ (m + s)n + 5] mvps.

For Algorithms 1-3, the storage requirements in the end are (7 +2s), however, for Al-
gorithm 4, they are up to (m +2s), then decrease to (m + s) vectors of length =.

3 Examples

At first, we will give some definitions. We denote the standard Full GMRES by
FULL(); the standard restarted GMRES with Krylov subspace of 7 dimension by R (m);
the GMRES augmented with £ eigenvectors and m Krylov vectors by E(m, %) ; Algorithm 1
by N1(m), m is the dimension of the Krylov subspace; Algorithm 2 by N2(m, k), k is the
maximum number of eigenvectors that can be added; Algorithms 3,4 by N3(m ), N4(m) or-
derly.

In the following examples, the right — hand sides have all entries 1. 0. The initial guess xg
are zero vectors. The first two examples are bidiagonal matrix, with 0.1 in each superdiagonal
position. The calculations are done in double precision on PC with Pentium-1I CPU, 32M
memory.

Example 1 We denote the matrix as A(300,300), which has 0.1,0.2, ,0.9,1,2,...,291
on the main diagonal ,and as mentioned above , the super diagonal element has 0.1 s. It is the
case with more numbers of the smallest eigenvalues. For this matrix, we choose m =20, and
£=4(i.e. 20 Krylov vectors and 4 approximate eigenvectors). £ was decided by the experi-

ence estimate in [4]. The result and the graph of convergence was shown in Table 1 and Fig 1.

Table 1 The numerical results of Example 1

ITERATIONS CPU TIME RESIDUAL
FULL() 201 46.69s 5.836e-011
R(20) 88 24.16s 9.149¢-011
E(16,4) 41 13.23s 5.588e—-011
N2(16,4) 34 10.16s 3.841e—011

N1(16) 16 6.37s 5.146e—-011
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Thus, in the same size of subspace, E(16, 107 EXAMPLE1
4) and N2(16,4) are better than Full GMRES -
and R(20), and N2(16,4) is better than E FULL

1072]
(16,4). Based on the same size of Krylov sub-

space, N1(16) is obviously the best in all the al-

gorithms being compared, because it can add e-

10—

10-8¢

RESIDUAL

nough eigenvectors adaptively to remove the poor ~ 107%

effect caused by the smallest eigenvalues more  19-10

\
efficiently than others. Lotz NIC6)Nz(10. 4)

Example 2 The next matrix has some negative = ° 50 100 150 200 250
ITERATION STEPS

eigenvalues, i.e. it is an indefinite problem. The

. . . Fig.1 The convergence curves of Example 1
entries on the main diagonal are: —5,:-, — 1,
1,-:+, 295. See Table 2 and graph in Fig. 2 for the computational results.

The results show that under the same size of subspace, the improved algorithm is better
than standard restart GMRES, and GMRES augmented with eigevectors. Under the same
Krylov subspace, the N3{(16) is the most efficiently, and the residual norm is one order of
magnitude better, because the eigenvector corresponding to the negative eigenvalues are orderly

added and very helpful with the components of the residual were quickly stripped.

Table 2 The numerical results of Example 2

ITERATIONS CPU TIME RESIDUAL
FULL() 150 27.08s 8.188e-011
R(21) 74 24.06s 9.766e— 011
E(16,5) 59 17.36s 7.535e—-011
N2(16,5) 42 12.63s 7.278e— 011
N1(16) 13 4.72s 4.785e— 012
EXAMPLE2 10? EXAMPLES
102 - .
FULL
10°

|

<

S

8 104

7]

73]

[+4

1010
‘ r N2(27.
10-10 \ N4(27) 6) E(27.6)
N2(10.5) E(19. 5)
1012 NI(18) 10712
0 50 100 - 150 0 50 100 150 200 250
ITERATION STEPS ITERATION STEPS

Fig.2 The convergence curves of Example 2 Fig.3 The convergence curves of Example 3
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The previous examples work in the situation that the proper number eigenvectors which
should be used can be judged by experience and the method which add approximate eigenvectors
corresponding to the smallest eigenvalues to the subspace could be very helpful. But in some
case, it doesn’t work. For examples, the eigenvalues scatter around the complex plane or the
smallest eigenvales are less separated from rest of the spectrum, or there may be not small
eigenvalues. To decide the proper number of eignvectors, which should be added under the sit-
vation that could hardly be decided by experience, we should give an algorithm that can do this
adaptively with some criterions. This algorithm should also helpful to decide whether we should
discard the eigenvectors’s subspace, when they are no more helpful after some times of itera-
tions or under the situation that adding eigenvectors doesn’t helpful. So we use the improved

Algorithm 4, with criterions™:

N 7m | = I 7 | <O20H 7 | = 17 ) (17)
and
~ 1g(2,€1) new + 18€2se1)0a < 0. 1(=Ig | 7mst | new + 1& 1l o Il cia) (18)
here, r,,(or r,,+z)is the residual after in m (or m + &) iterations,
2.e; = | Ayi =i | 71 3 | (19)
is the eigenvector residual norm , where
pi = ¥T *Ay;/yT*y, = yT*F*%y/yT*y, (20)

The next example will show the efficiency of it.
Example 3 Denote the matrix by A(100,100), d is a diagonal matrix with main diagonal el-
ements are 1.0, with §8 in each supperdiagonal position 8§ =0.9. The method that adding
eigenvectors is not helpful on this problem.

Under the Krylov subspace with dimension 27, the results and graph is shown in Table 3
and Fig 3. We could see that Algorithm 4 is more efficient than the others.

In addition, Algorithm 4 also efficient in Examples 1 —3, and we can also compare it with

the previous results come from the others algorithm.

Table 3 The numerical results of Example 3

ITERATIONS CPU TIME RESIDUAL
E(27,6) 225 106.67s 7.078e- 011
N2(27,6) 169 79.64s 9.431e-011
N1(27) 17 7.63s 3.154e—-011

4 Conclusions

Adding approximate eignvectors to the subspace is a useful method to solve some case of
large nonsymmetric system especially with a few of smallest eigenvalues. The restarted GM-

RES method with eigenvectors compute and save fixed number £ eigenvectors, and add them to
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Krylov subspace. But it has some disadvantages. The irhproved GMRES algorithm with eigen-
vectors presents a new thought to add the eigenvectors to the subspace orderly, and could com-
bine some criterions to add eigenvectors or discard them adaptivly. It could efficiently remedy
these disadvantage, and raise the converge speed and numerical precision. The numerical exam-
ples prove it.

In addition, to make the adaptive procedure more efficiently, we should find more efficient

criterions. This problem needs more research.
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